The transformation laws for the weighting and covariance matrices of the components of the atomic vibration tensors are derived. It is shown that the use of unit-weight matrices in the least-squares determination of the rigid-body vibration tensors TLS from the atomic vibration components leads to incompatible results when the TLS parameters are refined in different Cartesian coordinate systems. Numerical results for some molecules showed that the differences in the obtained components of TLS usually lie within the range of two standard deviations. If the covariances of the atomic vibration components are taken into account in some simple form the incompatibilities vanish.
The components of the rigid-body vibration tensors TLS are usually determined from the components of the atomic vibration tensors Ur by means of the least-squares method. In the majority of cases a Cartesian coordinate systern and unit weights for the components U, ~k are used. With the structure of lithium succinate (Klapper & Kiippers, 1973) we first noticed that the principal components of the libration tensor L were not uniquely determined when it was refined in two different Cartesian coordinate systems and unit weights were employed. The differences found between the respective principal components could not be ascribed to rounding-off errors. In this paper we shall give further examples where this happens.
Discrepancies of this type arise because the unit matrix as weighting matrix does not transform into the unit matrix under rotation of axes. In an earlier paper (Scheringer, 1966a ) -hereafter referred to as SCHE -we stated the transformation law without proof for the 6 x 6 weighting matrices of the components U, ~k when the base vectors were transformed. Hirshfeld & Shmueli (1972) have recently derived the transformation law for the respective 6 x 6 covariance matrices by reducing it to the transformation law of a 4th rank tensor. In this paper we want to show first how the transformation law can be obtained simply from the basic equations of the least-squares method.
In SCHE we showed that the weighting matrix for the refinement of the parameters TLS should be the normal matrix M of a structure-factor least-squares refinement of the components U[ k. The covariance matrix C is then pro-portional to M-1. We now assume that in the last cycle of the structure-factor refinement we have only refined the 6n independent components U~ k of the n atoms of the (nearly) rigid molecule, i.e. we neglect all covariances to other types of parameters. Then M and C consist of n 2 6 x 6 blocks. We define the change of the coordinate system by the transformation
of the (contravariant) components of a vector X in direct space. Then the (contravariant) components U~ k of the rth atom transform according to (Scheringer, 1966b ). If we now arrange the 6 independent components U, s~ in a 6 x 1 column matrix V, in the sequence 11, 22, 33, 12, 13, 23 then, by rearranging the terms in equation (2a), it can be shown that the transformation law
corresponds to the law (2a). The elements of the 6 x 6 matrix L are given in SCHE. (Formally, L is obtained by reducing the 9 x 9 outer product A x A to a 6 x 6 matrix). The transformation laws (2a) and (2b) also hold for the shifts e~ k of the components U~ ~. Let the normal equations for refining the components U, ~k from diffraction data in the two coordinate systems be
where e and e' are the 6n x 1 column matrices of the shifts. Let G be a 6n × 6n block-diagonal matrix with 6 x 6 blocks L. Then we obtain from equation (2b) e'=Ge, e=G-le'.
From equations (3) and (4) we obtain
and hence for the weighting matrices
and for the covariance matrices
Since G is 6 x 6 block-diagonal, equations (6) and (7) imply that for any 6 x 6 block of M and C that refers to two atoms r and s
and 066 = L066 L r,
cf. SCHE (9). The equations (6) to (9) represent the transformation laws for weighting and covariance matrices of the thermal data U, ~k. The equations are valid for any type of transformation (1) and are not restricted to orthogonal ones (A r= A-l).
Usually the full 6n x 6n covariance matrices are not used for the refinement of the TLS parameters. Thus it is of interest to use approximate matrices in Cartesian coordinate systems which remain invariant under rotation of axes, i.e. we should postulate M'=M and C'=C if Ar=A -1. One such invariant (non-diagonal) weighting matrix M66 , which is likely to apply to the components U~ k as data, is the matrix Q, of SCHE (8). Hirshfeld & Shmueli (1972) showed that there are invariant 6 x 6 covariance matrices which are characterized by two parameters S and r/ and which can be derived from isotropic Cartesian tensors of 4th rank. The weighting matrix Q, of SCHE (8) can be shown to correspond to the invariant covariance matrix with S=Z; -2 (Z,=number of electrons of atom r) and r/= -¼.
The main point which concerns the unit matrix as a weighting (covariance) matrix is that it does not transform into the unit matrix for orthogonal transformations (1), i.e. if M=C=E then M'-¢ E, C'V:E for AT=A -1. This follows from the fact that, for S = 1, no value of r/can be found which reduces Hirshfeld & Shmueli's matrix (1) to the unit matrix. Hence the parameters TLS will always attain incompatible values when they are refined in different Cartesian coordinate systems and unit weights are employed. However, Hirshfeld & Shmueli found with an example that the results obtained with unit weights did not significantly differ from those obtained with invariant weighting (covariance) matrices.
Initially, several examples of the transformation (9) for 066 = E were computed and the unit matrix was found to be considerably altered by the transformation. In one example the diagonal elements of the transformed matrix C66 attained values between 1-65 and 0"63, the off-diagonal elements in the upper left 3 x 3 block took values up to -0-37, and the remaining off-diagonal elements took values up to -0.27. These elements of the transformed unit matrix correspond, in order of magnitude, to those of a covariance matrix with r/=0 and a monoclinic angle of 110 ° [Hirshfeld & Shmueli, 1972, equation (2)].
In order to study to what extent the non-invariance of the unit matrix influences the results of the refinement, we have refined the parameters TLS of 11 molecules with unit weights in 6 different Cartesian coordinate systems. Each system is characterized by 3 Eulerian angles ~0, 0, ~ (for their definition see Margenau & Murphy, 1965, p. 354) . Positional and thermal parameters of the atoms were transformed to the rotated systems. For the refinement of the TLS parameters a modified version of Schomaker & Trueblood's (1968) program was used. The results for 6 molecules are given in Table 1 . Since the trend of the deviations Table 1 . Principal components L1, LE, La and estimated standard deviations a(L~) [in (°)2] of the libration L as determined from refinements of the TLS parameters in six different Cartesian coordinate systems Each system is described by three Eulerian angles q~, 0, ~,, which have the following values (in °): system I (0,0,0); II (0,45,45); III (30, 90, 60); IV (45, 60,0); V (90, 60, 30); VI system of principal components Lt (angles not computed). Amax is the maximum deviation found between any two respective components in different coordinate systems.
Lithium succinate (Klapper & Ktippers, 1973) Dichlorodulcitol (Simon & Saswiri, 1971) Dibromodulcitol (Simon & Sasv~iri, 1971) Ammonium oxalate perhydrate (Pedersen, 1972) Lidocain hydrohexafluoroarsenate (Hanson, 1972) Azobisisobutyronitrile (Argay & Sasv/tri, 1971) I II III IV V VI Amax a(Lt) 89"7 75"6 81"3 85-0 79-8 79"7 14-2 12"2 0"5 0"2 0"2 -1-5 0"1 -1-8 2"3 1-3 -14"9 -12"6 -12"5 -13"6 -12"5 -12"0 2"9 2-9 10-3 10-8 11"0 12"4 10"3 10"3 2"1 0"9 8.7 8"9 9"5 9"7 9"2 9"6 1"0 1"5 4"4 4"5 4"5 4"5 4"0 4"8 0-8 0"8 13"2 14"6 11"7 17"7 16"0 16"2 4"3 4"5 5"7 4"2 7"9 5"7 4"1 3"8 3"8 2"8 -3"3 0"5 --3"9 -0"7 -3"1 -2-1 4"4 3"4 88"2 94"2 87"4 90"6 92"6 83"7 10"5 10"8 11"1 11"0 10"5 11"1 10"8 10"9 0"6 0"8 -4"1 -9"9 -1"9 -7-3 --7"5 0"3 10-2 10"7 178"5 179"2 164-2 170"6 166"3 165"2 15'0 17"7 93"4 93"1 102"8 87"2 92"6 92"1 15"6 17"6 46"3 45"0 46"3 35"0 34"2 34"5 12"1 16"8 34"9 34"2 34"2 35"6 35"5 33"8 1"8 2"8 8"8 8"8 8"2 8"8 9"0 8"7 0-8 1"2 2"4 1"4 2"0 2"6 1"0 1"5 1"6 1"6 is much the same for all TLS components, we have only listed the principal components L~ of the libration tensor, and their standard deviations. Also, the maximum deviations found between any two respective components in different systems are listed under the heading A .... Although these maximum deviations attain values up to 30 % of the largest principal component L~ of a given molecule, only once do they exceed two standard deviations. As can be seen from Table 1 To sum up:
(1) There is a definite influence of the choice of the (Cartesian) coordinate system -or, equally, of the choice of the weighting system -upon the values obtained for the components of TLS, but the variation of the results will rarely exceed two standard deviations. Thus in most cases this impact does not seem to cause much trouble. In this sense we can confirm Hirshfeld & Shmueli's (1972) conclusion.
(2) The variation of the results obtained in different (Cartesian) coordinate systems is more or less proportional to the magnitude of the calculated standard deviation, no matter what the reason for a possible large value of the standard deviation may be. Hence not only the choice of the coordinate system -or the choice of the weighting ma-trix -but also the standard of the TLS refinement has an effect on the scattering of the final values of the parameters TLS.
(3) In order to obtain (and publish) unique results the use of a covariance (weighting) matrix, which remains invariant under changes of the coordinate system, is recommended. Simple covariance matrices in a Cartesian system are obtained either with r/= 0, which is diagonal, or with 1/= -¼, which is not diagonal but can be better defended on physical grounds.
We are indebted to F. L. Hirshfeld and U. Shmueli for supplying the information from their paper before it was published.
